Introduction
The Witt-Burnside ring of a profinite group is attributed to Dress and Siebeneicher [5, 6] , who introduced it as a group-theoretical generalization of the classical p-typical Witt vectors of Teichmüller and Witt [17] and the generalized or big Witt vectors of Cartier [4] . For each profinite group G, they constructed a covariant functor W G from the category of commutative rings with unity into itself with the following properties: 
) W G (Z) ∼ =Ω(G).
Here C denotes the multiplicative infinite cyclic group,Ĉ the profinite completion of C ,Ĉ p the pro- Since their birth, Witt-Burnside rings have attracted many mathematicians for their unusual nature as well as for their remarkable connections to other areas and much effort has been made to reveal their mysterious structure. For the precise information, refer to [2, 3, 7, 8, [13] [14] [15] . Among these references, the present paper is mainly concerned with [8, 13, 15] .
In 1993, Graham [8] published a very seminal paper on generalized Witt vectors. He associated a covariant functor, denoted by F G , to each group G (not necessarily a profinite group), and showed that there is a functorial isomorphism between W G (A) and F G (A)/I G (A) when G is a profinite group. 1 Here I G (A) denotes an ideal of F G (A) determined by a suitable condition. Graham's construction is very noteworthy in the sense that it provides an alternative to Dress and Siebeneicher's construction of the generalized Witt vectors and also a different method for computations with generalized Witt vectors. To be more precise, this result enables us to regard the Witt-Burnside ring (of G over A) not so much as maps from the conjugacy classes of subgroups of finite index in G to A, but as cosets of the ideal I G (A). Viewed with this viewpoint, the operations of W G (A) turn out to be very natural.
Due to the complexity and weirdness of the ring operations of Witt-Burnside rings, one of the fundamental problems in this topic has been to find a ring such that although it is isomorphic to W G (A), its operations are given in a simple and natural way. In [13, 15] , this problem was settled out for special λ-rings. There the author constructed a functor Nr G from the category of special λ-rings to that of commutative rings with unity and also showed that there is a natural equivalence
called the extended Teichmüller transformation. Here F λ denotes the forgetful functor from the category of special λ-rings to that of commutative rings with unity, assigning to each special λ-ring R its underlying ring R. From this result it follows that the group structure of W G (R) is quite simple. In fact, it is, as an abelian group, isomorphic to a direct product of R over the set of conjugacy classes of open subgroups of G.
Motivated by the above result together with Graham' construction, we show that there exists a functorF G from the category of special λ-rings to that of commutative rings with unity such that
Going further, we construct a map t R :
It should be remarked that t R is bijective and additive, but not multiplicative. Nevertheless, the induced map,
turns out to be a ring isomorphism, and it follows from the commutativity of the diagram [13, 15] . However, contrary to τ R , it is no longer a ring isomorphism.
Preliminaries
All the functors dealt with in this paper are defined on the category of commutative rings with unity or the category of special λ-rings. For simplicity, denote by Rings the category of commutative rings with unity where morphisms are ring homomorphisms, and by λ-rings the category of special λ-rings where morphisms are λ-ring homomorphisms. For all the definitions and notation concerned with special λ-rings, we refer to [1, 9, 15] . Throughout this paper, R denotes a special λ-ring and A a commutative ring with unity.
Graham's functor associated with an arbitrary group
In this subsection, we briefly introduce Graham's functor F G attached to a group G (for more information, see [8] ). To do this, we need basic definitions and notation concerned with G-sets and G-strings.
Let G be an arbitrary group and C (G) the set of all subgroups U of G such that G/U is finite. We also let C (G) be the set of conjugacy classes of subgroups in C (G). Given two subgroups U and V of G, we say that U is subconjugate to V if U is a subgroup of some conjugate of V . This induces a partial-ordering, , on C (G). To A G-set X is said to be essentially finite if X U , the set of U -invariant elements in X , is finite for all U ∈ C (G), and said to be almost finite if it is essentially finite and every element lies in a finite orbit. Note that if X is almost finite, then every orbit in X is finite and there are only finitely many orbits isomorphic to G/U for each U ∈ C (G). One can form the Burnside ring Ω(G) of the (virtual) isomorphism classes of almost-finite G-sets, where the addition is defined via disjoint union and the multiplication via Cartesian product. Given an almost finite G-set X , the notation [X] will be used to denote the corresponding element in Ω(G). For a G-set X , denote by G \ X the set of G-orbits in X . For each commutative ring A with unity, we define a G-prestring with coefficients in A to be an almost finite G-set X together with a map 
As in the case of G-sets, one can define the induction and the restriction for G-prestrings and
G-strings.
Here we only introduce how the induction is defined. Let (X, f ) be a U -prestring with
The Burnside ring of G-strings with coefficients in A, denoted by F G (A), is formed from the semiring of G-strings with coefficients in A by the formal negative construction. Note that the addition is induced from disjoint union. In the following, let us introduce how the multiplication is defined. Since it distributes over the addition, we have only to consider the product of two transitive G-strings. The product of two transitive G-strings [Gx,
Here g ranges over a system of double coset representatives of G x and G y in G. Let
be two elements in F G (A). From the distributive law it follows that
where the structure constant n W ,k is given by
Here C U ,V ,i, j (W ) counts double coset representatives of U and V in G satisfying that
, and
It is obvious that F G (A) is, as an abelian group, isomorphic to
Furthermore, this construction is functorial in view of the following theorem. by the following conditions:
(2) The addition and the multiplication are defined componentwise.
(3) For every ring homomorphism f :
Then ψ A maps to gh G (A). In particular, the third condition of Theorem 2.1 tells us that ψ :
is a natural transformation.
Functors associated with a profinite group
In this subsection, we introduce two functors associated with arbitrary profinite groups.
Through this section, assume that G is a profinite group. Denote by O(G) the set of the conjugacy classes of open subgroups of G. Then the ghost ring functor of G, denoted by gh G : Rings → Rings, is given in the following manner:
(2) The addition and the multiplication are defined componentwise. [5] .) Let G be a profinite group. Then there exists a unique functor, W G : Rings → Rings, satisfying the following conditions: 
Theorem 2.3. (See
is a ring homomorphism. [13, 15] .) Let G be a profinite group. Then there exists a unique functor, Nr G : λ-rings → Rings, satisfying the following conditions:
Theorem 2.4. (See
, is a ring homomorphism.
It was shown in [13, 15] that there exists a natural isomorphism,
In the following, let us review how τ is defined. Let R be a special λ-ring.
For each r ∈ R, we write r as a sum of one-dimensional elements, say r 1 + r 2 + · · · + r m . It should be noted that this decomposition is not unique in general and r i 's may not be in R. Indeed they are in some extension of R (see [1] 
. . , r m }) into disjoint G-orbits and consider its union, say h Gh, where h runs through a system of representatives of this decomposition.
One can easily see that [ f ] does not depend on the choice of coset representatives and also
where h runs through a system of orbit-representatives of
Thus, from now on, we will use the notation 
where μ G denotes the Möbius function of the poset O(G), ordered by [V ] [U ] if U is a subgroup of some conjugates of V .
Let R be a special λ-ring. We now define a map
Theorem 2.6. (See [16] .) Let G be any profinite group. Then τ :
Connection between F G and W W W G
Let G be an arbitrary group. For a subset S of G, we define the subset g S to be {gs : s ∈ S}. Let P n (G) be the set of ordered partitions of G into n parts, that is,
is an essentially finite G-set. In fact, in Lemma 3.3, it will be shown to be almost finite. 
. . , β m be elements of A satisfying
play a key role in developing our arguments. In the following, let us provide a new description of them. For two G-sets S and T , the set of maps from S into T , denoted by Map(S, T ), is made into a G-set by supplying the standard G-action defined by
, and s ∈ S. The following lemma is well known. 
Lemma 3.2. (See [5].) Let S and T be G-sets. If T is finite and if the number of G-orbits in S is finite, then
First, let us show that ξ is injective.
Hence h = h . Next, let us show the surjectiveness of ξ . For any ordered partition of G into n parts,
Then it is obvious that ξ(h) = P . Finally, let us show that ξ preserves the G-action. But it is almost trivial since, for all g ∈ G,
Consequently ξ is a G-set isomorphism. Now, the fact that P n (G) is almost finite follows from Lemma 3.3.
(b) For the desired result, we have to show that f =f {α 1 ,...,α n } •ξ . It can be shown in the following manner. For every orbit Gh in G \ P n (G), we havē
Here
We denote by I G (A) the subset of F G (A) which can be put in the form (3.2). That is,
Let W be the G-set with precisely one orbit from each isomorphism class of finite transitive G-sets.
The orbit isomorphic to G/U , where U is of finite index, will be denoted by Gu. LetŴ A be the set of all G-strings with coefficients in A, whose underlying G-set is W . This can be regarded as a subset of F G (A). 
c) For any commutative ring A with unity, I G (A) is an ideal of F G (A).
Proof. The proofs of (a)-(c) are exactly same to those of [8] 
and 
(it is well defined since F G (h)(I G (A)) ⊆ I G (B)).
It has a close connection to Witt-Burnside ring functor W G which was introduced by Dress and Siebeneicher [5] . In [8] , Graham showed that F G /I G is isomorphic to W G when G is a profinite group.
The rest of this section is devoted to reproving his proof in more detail since it is written in a very condensed form.
As the first step, we will define a functor W G using F G /I G . Note that Graham introduced an inductive way, called the clearing algorithm, to find an element ofŴ A that differs from the argument
by an element of I G (A). The element thus obtained from a ∈ F G (A) via the clearing algorithm will be denoted by C ∞ (a). For any element in F G
(A), say a = [U ] 1 i i U n U ,i [G/U , α U ,i ], define a to be the element of [U ]∈C (G) A given bȳ a [U ] = 1 i i U n U ,i α U ,i (G/U ), ∀[U ] ∈ C (G).
Lemma 3.6. (See [8, Lemma 1].) If a, b are in the same coset of I G (A), then C ∞ (a) = C ∞ (b).
Lemma 3.6 implies that the map,
is well defined. Moreover it is easy to see that w A is bijective. For example, the injectiveness follows from the implication:
Hence one can impose a ring structure on 
Denote the ring thus defined by W G (A).
Obviously w A is a ring isomorphism for this ring structure. As for morphisms, for every ring homomorphism f : A → B and every α ∈ W G (A), we define 
commutative. Note that Φ A is a ring homomorphism since w A andψ A are ring homomorphisms.
As the third step, let us investigate the condition that G should satisfy. Let G be a profinite group. We say that G is strongly complete if it satisfies any of the following conditions, which are easily seen to be equivalent: [11, 12] .) Every finitely generated profinite group is strongly complete.
Lemma 3.7. (See
If G is a strongly complete profinite group, then Lemma 3.7 says that C (G 
is commutative. But this follows immediately from the equality 
is commutative.
4.F G and its connection with Nr G
In this section, we construct a functorF G which gives an alternative to the construction of Nr G introduced in [13, 15] . Compared with F G , it should be noted thatF G is defined on the category of special λ-rings.
ConstructingF G
Let R be a special λ-ring. As an abelian group,F G (R) equals F G (R). In other words, it has the same underlying set and the same addition with F G (R). On the other hand, its multiplication is more ore less different from that of F G (R). First, let us define how to multiply two transitive G-strings, say
Here g ranges over a system of double coset representatives of G x and G y in G and Ψ n (n 1), denotes the n-th Adams operation of R. It is easy to show that this multiplication is associative on the set of transitive G-strings. Applying the distributive law, one can form the semi-ring consisting of G-strings with coefficients in R and then form a ring,F G (R), by the formal negative construction. Note thatF G (R) is, as an abelian group, isomorphic to
Given two elements
and
where C U ,V ,α,β counts double coset representatives, g, of U and V in G with the following properties:
As in the case of F G , this construction results in a functorF G with properties similar to Nr G .
Theorem 4.1. Let G be an arbitrary group. Then there exists a unique functorF G : λ-rings → Rings satisfying the following conditions: (1) For any special λ-ring, R,F G (R) is given as above. (2) For every λ-ring homomorphism h : R → S,F G (h) :F G (R) →F G (S) is the homomorphism which takes
which provides a natural transformation to the identity.
Proof. The uniqueness is obvious sinceF G (R) is already determined for each special λ-ring R. To show thatF G is a functor, we first show thatF G (h) is a ring homomorphism for every λ-ring homomorphism h : R → S. Since it is obviously additive, we will only show that it preserves the multiplication. To do this, it suffices to show thatF
According to the definition ofF G (h), we havê
Since h is a λ-ring homomorphism, it preserves Adams operations and hence
This justifies the desired assertion. Next, we will show the third condition. To do this, it suffices to show that
The second equality follows from the fact that if
U . On the other hand,
This implies that ρ U R is a ring homomorphism. Furthermore, for a λ-ring homomorphism h : R → S,
we have the commutativity of the diagram
The second equality follows from the fact that h preserves all Adams operations. So, we are done. 2
Then ρ R maps to the ghost ring gh G (R). By virtue of the third condition one can immediately show that, for every λ-ring homomorphism h : R → S, the following diagram
Constructing Nr G usingF G
Throughout this section, assume that G is a strongly complete profinite group and R a special λ-ring.
In more detail, if
Next, for each U ∈ C (G) and for each r ∈ R, define s r : U \ (U /U ) → R to be the map which takes U /U to r. Define J G (R) to be the ideal ofF G (R) generated by all elements of the form
One can easily see that J G (R) consists of elements,
with the property
With this preparation, we will defineF G / J G as follows:
It is not difficult to show thatF G / J G is indeed a functor. Now, we will show thatF G / J G is naturally isomorphic to Nr G , which was introduced in [13, 15] 
it is not difficult to show that θ R is an additive map with kernel J G (R). Hence, it induces a bijective and additive mapŵ
Observe that θ R factors throughπ R andŵ R via the following commutative diagram 
Proof. First of all, let us show thatŵ R is a ring isomorphism. But we have already shown thatŵ R is a group isomorphism. Consequently we have only to show that, for any two elements in a, b ∈F G (R), ab =āb.
By the additivity ofŵ R , we may assume that 
is commutative. This can be verified easily. Indeed,
.
On the other hand,ŵ
This completes the proof. 2
In the rest of this section, we focus on the connection between ρ and ϕ. Using the additivity of Adams operations, one can easily show that J G (R) is contained in ker ρ R . Therefore ρ R induces a ring homomorphism,ρ
2) it follows that the diagram
commutes. Furthermore, it is easy to show that the following diagram
Analogue of extended Teichmüller map
The final section will be fully devoted to demonstrating the connection between F G andF G . More precisely, when G is a strongly complete profinite group and R is a special λ-ring, we will show that there exists an additive map t R :
commutative.
First, we will define t R for each transitive G-string, say [G/U , α], with coefficients in R. Let
Next, let us extend t R to F G • F λ (R) by linearity. To be more precise, for an arbitrary element,
By construction, t R is obviously additive.
Remark 5.1. It should be remarked that t R does not preserve multiplication, in general. For example,
On the other hand,
Now, our assertion is obvious since
Theorem 5.2. Let G be a group and R a special λ-ring. Then we have
where i α i = j β j . Therefore it suffices to show that
Utilizing [16, Theorem 3.6] and the additivity of Adams operations one can see that
. Now we claim that the right-hand side of the above equality depends on the sum of α i (1 i l) , not on α 1 , . . . , α l . To see this, let us view α i (1 i l) , as indeterminates. Then, for each [V ] ∈ C (G)
is obviously a symmetric function in α i (1 i l) . Hence, by the fundamental theorem of symmetric functions (for example, refer to [10] 
Now we will show how to find an element, b ∈ I G (R), with t R (b) = F in the following steps:
Step 
